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A method is presented for solvingthe Navier–Stokes equations for turbulent � ow problems on three-dimensional
unstructured grids. Spatial discretization is accomplished by a cell-centered, � nite volume formulation using an
accurate linear reconstruction scheme and upwind � ux differencing. Time is advanced by an implicit backward
Euler time-stepping scheme. Flow turbulence effects are modeled by the Spalart–Allmaras one-equation model
(Spalart, P. R., and Allmaras, S. R., “A One-Equation Turbulence Model for Aerodynamic Flows,” AIAA Paper
92-0439, Jan. 1992), which is coupled with a wall function to reduce the number of cells in the sublayer region
of the boundary layer. A systematic assessment of the method is presented to devise guidelines for more strategic
application of the technology to complex problems. The assessment includes the accuracy in predictions of the
skin-friction coef� cient, law-of-the-wall behavior, and surface pressure for a � at-plate turbulent boundary layer
and for the ONERA M6 wing under a high-Reynolds-number, transonic, separated � ow condition.

Introduction

S IGNIFICANT advancements are being made toward solving
complex viscous � ows on three-dimensionalcon� gurationsus-

ing unstructured-gridmethodology.1 – 8 Whereas solving such � ows
on highly stretched tetrahedral cells is considerably more dif� cult
than on hexahedral cells, the primary advantage is derived from the
greatly reducedgridgenerationtimes.Reference9 hasdemonstrated
that viscous grids can be easily generated on complex shapes by
the advancing front/advancing layers methodology.It is anticipated
that, in the near future,viscous tetrahedralgridswill be generatedon
complex geometries in a matter of days, as are inviscid tetrahedral
grids today.

The viscous, tetrahedral-basedunstructured� ow solutionmetho-
dology is maturing along two tracks: node-centeredand cell-cente-
red schemes, each with its relative merits. Node-centered schemes
exploitan ef� cientedge-baseddata structureand havedemonstrated
multigrid and parallel computer implementations2;5 but generally
require large tetrahedral grids. Cell-centered schemes exploit ge-
ometric features of tetrahedra for constructing accurate spatial re-
construction schemes and provide comparable accuracy with fewer
tetrahedra but have not been extended to multigrid and have exhib-
ited some limitations in solution stability.

There is a need for systematic assessments of the accuracy and
behavior of the various schemes. The present work focuses on an
assessment of the upwind, tetrahedral cell-centered � nite volume
scheme of Ref. 10. This method is extended herein to include the
Spalart–Allmaras one-equation turbulence model and the coupling
of that model with a wall function to reduce the number of cells
in the sublayer region of the boundary layer. It is anticipated that
the wall function approach may be applicable to three-dimensional
separated � ows because � ow is not stagnant along separation lines.

The assessments will be derived from the � at-plate boundary-
layer problem and the ONERA M6 wing at a high-Reynolds-
number, transonic, separated � ow condition. Key issues will be
addressed related to applying a tetrahedral-based, cell-centered
Navier–Stokes method to turbulent � ow problems. The objectives
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of the study are to 1) assess the accuracy of computing turbulent
� ow pressure distributions and skin-friction coef� cients with tetra-
hedral cells; 2) investigate the accuracy and utility of a wall func-
tion formulation for computing three-dimensional,high-Reynolds-
number, transonic,separated� ow with tetrahedralcells; 3) establish
guidelines for generatingunstructured, tetrahedralviscousgrids for
solving turbulent � ow problems accurately and ef� ciently; and 4)
demonstrate a mesh sequencing strategy for accelerating solution
convergence.

Numerical Procedure
A � nite volumediscretizationis applied to the integralformof the

Navier–Stokes equations,11;12 which results in a consistentapproxi-
mation to the conservationlaws governing � uid motion. The spatial
domain is divided into a � nite numberof tetrahedralcells,with each
element serving as a computationalcell. Thus, the discretized solu-
tion to the governing equations results in a set of volume-averaged
state variables of mass, momentum, and energy, which are in bal-
ance with their area-averaged � uxes (inviscid and viscous) across
the cell faces.

Inviscid Fluxes: Cell Reconstruction Scheme
Inviscid � ux quantities are computed across each cell face using

the Roe13 � ux-differencesplitting(FDS) approach(also see Ref. 14)
or the Van Leer15 � ux-vectorsplitting (FVS) technique.Spatial dis-
cretization is accomplished by a novel cell reconstruction process,
which is based on an analytical formulation for computing solution
gradients within tetrahedral cells.

The higher-order reconstruction scheme, derived in Ref. 10 and
shown in Fig. 1, is based on a Taylor series expansion of the cell-
averagedsolution to the cell face.A key componentof the scheme is
the reconstruction of surrounding cell-averaged data to a common
vertex or node by a weighted averaging procedure. Reference 14
proposed a scheme based on an inverse-distance weighted aver-
aging of the primitive variables from the cell centroid to the cell
vertices. Whereas this approach has proven to be both accurate and
robust through wide application to inviscid problems, it is not fully
second-order-accurate in space. It has been shown in Ref. 16 to be
approximately 1.85-order accurate.

As development efforts progressed toward solving the Navier–
Stokes equations on highly stretched tetrahedral grids, it became
evident that the accuracy of the inverse-distanceaveraging scheme
was not adequate. Thus, a fully second-order-accurate averaging
procedure was implemented that is based on work by Holmes and
Connell4 and Rausch et al.17 The procedure is derived by solving a
constrainedminimization problem to determine weight factors that
satisfy Laplacian relationshipspresented in Ref. 10. The algorithm
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Fig. 1 Reconstruction stencil for tetrahedral cell-centered scheme.

reconstructs to machine accuracy the exact values of a linear func-
tion at a node from surrounding cell-centered function values on
an arbitrary tetrahedral grid. Furthermore, the simple universal for-
mula shown in Fig. 1 for expanding the cell-centereddata to the cell
faces also reconstructs the exact value of a linear function to the
cell face. Thus, the entire spatial reconstruction scheme is termed
second-order accurate, which has been veri� ed by Mitchell.16

There is, however, an unresolved shortcoming to the Laplacian-
weighted averaging scheme. Each weight factor is assumed to vary
by some small perturbationfrom 1. To achieve an exact reconstruc-
tion on highly stretched cells, these perturbations can actually be-
come on the order of one, thus resulting in some negative weight
factors. Whereas it can be demonstrated that the computed weight
factors produce an exact linear reconstruction, those with negative
values violate the principle of positivity, with a detrimental impact
on stability during convergence.18;19 Thus it is necessary to clip the
weight factorsbetween0 and 2, therebylosingsome of the exactness
of the linear reconstructionbut ensuring a more stable scheme.

Viscous Fluxes
The terms in the viscous stress tensor, e.g., ¿x x , ¿x y , and ¿xz , are

approximated at the centroids of the cell faces by a linear recon-
struction technique that provides a continuous representationof the
solution variables across the cell faces. The stencil, presented by
Mitchell,16 utilizes the averaged solution quantity at the three ver-
tices of a cell face, qn1, qn2, and qn3 , and the cell-centeredvalues of
the two cells sharingthe face,qc1 and qc2 , where q ´ .½; u; v; w; p/
denotestheprimitivevariablesof density,velocity,andpressure.The
derivatives for u; v; w, and temperature T , e.g., u x , u y , and uz , used
in the viscous stress terms are derived from a Cramer’s rule solution
to

$ xc2 ¡ xc1 yc2 ¡ yc1 zc2 ¡ zc1

xn2 ¡ xn1 yn2 ¡ yn1 zn2 ¡ zn1

xn3 ¡ xn2 yn3 ¡ yn2 zn3 ¡ zn2

’% $ux

u y

uz

’%
D

$uc2 ¡ uc1

un2 ¡ un1

un3 ¡ un2

’%
(1)

Time Integration and Convergence Acceleration
The viscous computationsare advanced to steady state by the im-

plicit time-integration algorithm of Ref. 20. The scheme uses the
linearized, backward Euler time-differencing approach to update
the solution at each time step for the set of equations

[A]nf1Qgn D fRgn .2/

where

[A]n D
V

1t
I C @Rn

@Q

The linear system of equations is solved at each time step with a
subiterativeprocedure,where the tetrahedral cells are grouped into
colors (different from face coloring) such that no two cells share a
common face.

Thus, the solution is computedby solving for all of the unknowns
in a particular color by a point-Jacobi subiteration step before pro-

ceeding to the next color. Because the solution of the unknowns for
each group can depend on those from previouslycomputed groups,
a Gauss–Seidel-likeeffect is realized.The methodhas the advantage
of being completely vectorizable.

Because of the number of operations required to invert a matrix
depends on the matrix bandwidth, the left-hand side of the system
of linear equations is evaluated with � rst-order differencing to re-
duce both required storage and computer time. Convergence of the
subiterations is further acceleratedby using Van Leer’s FVS on the
left-handside.Thus in the presentstudy, � rst-orderdifferencingand
FVS are applied to the left-hand side and higher-order differencing
and FDS to the right-hand side. The viscous Jacobian terms are
included on the left-hand side of the equation.

It is necessary to store [A]n , which is a 5 £ 5 matrix for each
cell; thus, storage requirements are 180 words/cell for the im-
plicit code. The code requires 84 ¹s/cell/cycle on a Cray Y-MP, or
37 ¹s/cell/cycle on a Cray C-90, with 20 subiterations and higher-
order differencing. For comparison, the block-structured code
CFL3D21 requiresapproximately50 words/cell and 12¹s/cell/cycle
on a Cray C-90. Although there may be some room for further im-
provement in resource requirements of the unstructured code, such
codes are typicallymore computer intensivebecauseof their gener-
alized data structure.The success of this new technologywill hinge
on reducing the time and expense of generating viscous grids.

Convergence to the steady-state solution is accelerated by sacri-
� cing the time accuracy of the scheme and advancing the equations
at each mesh point in time by the maximum permissible time step
in that region. Even with such a local time-stepping strategy, ex-
perience with solving three-dimensionalviscous problems with the
presentcell-centeredschemehas shownthat themaximumCourant–
Friedrichs–Lewy (CFL) number is limited to approximately 25.
This limitation is a consequence of violating the principle of pos-
itivity in weighting factors, as noted in an earlier section and in
Refs. 18 and 19.

The inherent stability limitation can be improved by scaling the
CFL number according to the deviation of cell aspect ratio from
the ideal value of an isotropic tetrahedron. This enables the domi-
nant � ow� eld to evolvequicklywith the higherCFL numbers,while
restrictingthemore temperamentalviscouscells.A relationhasbeen
derived:

1tcorr D 1t 1 ¡
³

f1t ¡ 1
f1t

´ ³
1 ¡ AR

1 ¡ ARmin

´
.3/

whereAR D [9.Vc/
2=.S f;max/3]=ARideal ,ARideal D 8=.3

p
3/, and f1t

is a scale factor. Vc is the cell volume, and S f;max is the area of the
largest face of the cell.

The computationspresentedwereperformedwith a scale factorof
f1t D 6. Thus, for a prescribedsettingof CFL D 150, the actualCFL
numberwill be linearlyscaledbetween25 for the thinnesttetrahedral
cell to 150 for the most isotropic cell. The ultimate bene� t of this
procedurewas a factor-of-two reduction in required solution cycles
and, hence, computer time.

Turbulence Model
Spalart–Allmaras

Closure of the Reynolds stress is provided by the one-equation
Spalart–Allmaras (S–A) turbulencemodel.22 This model is derived
using empiricism and arguments of dimensional analysis, Galilean
invariance,and selectivedependenceon themolecularviscosity.The
model solves a partial differential equation (PDE) over the entire
� eld for a working variable Qº from which the turbulenteddy viscos-
ity ¹t can be extracted.The PDE is solved separately from the � ow
equations using the same backward Euler time-integrationscheme,
which results in a loosely coupled system. The production and de-
struction terms have been modi� ed as recommended in Ref. 22 to
ensure positive eddy viscosity throughout the computation.

On no-slip surfaces, the dependent variable Qº is set to zero. For
tangent-� ow surfaces, a zero gradientof the variable is applied.Far-
� eld boundary conditions are applied by setting Qº D 1:341946 for
the in� ow, which corresponds to a freestream turbulent kinematic
viscosity of ºt D 0:009, and extrapolating Qº from the interior for
out� ow boundaries.
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Fig. 2 Inherent structure of thin-layer tetrahedral grids.

The S–A modelrequiresthat thedistanceof eachcell to thenearest
wall be provided for the near-wall damping terms for cells that are
in proximity to viscous surfaces. These distances are determined
prior to code executionfor cells in the viscous layers and contribute
to only a small portion of the overall overhead.

Wall Function
The S–A modelhasbeencoupledwith a wall functionformulation

to reduce the need for grid resolving the � ow in the sublayerportion
of a turbulent boundary layer. With this approach, the inner region
of the boundary layer is modeled by an analytical function, which
is matched with the numerical solution in the outer region. This
has the advantageof 1) signi� cantly reducing memory requirement
by eliminating a large portion of cells normally required to resolve
the sublayer and 2) improving overall convergence by removing
the thinner, more highly stretched cells, which add stiffness to the
solutionprocess.A similar approachwas successfullydemonstrated
in Ref. 23, where a two-equationk–" turbulencemodel was coupled
with a wall function in a modi� ed version of the present code.

The present implementation of a wall function exploits the in-
herent structure present in viscous unstructured grids produced by
the advancing layers method.9 As evident in Fig. 2, the tetrahedral
verticesor nodesare alignedalong rays emanatingfrom the surface.

The selected wall function is a law-of-the-wall expression24 de-
rivedby Spalding in 1961.With a single function,it models the inner
laminar sublayer, a transition region, and the intermediate logarith-
mic layer of the turbulent boundary layer:

nC D uC C e¡· B e·uC ¡ 1 ¡ ·uC ¡ .·uC/2

2
¡ .·uC/3

6
.4/

where the nondimensionalizedterms are

nC D
³

ReL

M1

´
½w1nu¤

¹w

; uC D
jV j
u¤

where ½w and ¹w are the � uid density and laminar viscosity on
the surface, respectively; M1 is the freestream Mach number; ReL

is the Reynolds number per reference length LI jV j is the velocity
magnitude at an adjacent point located a normal distance 1n away
from the surface; u¤ is the friction velocity; · D 0:4; and B D 5:5.

A face-centeredslipvelocityboundaryconditionis determinedby
a two-stepprocess.First, as shown in Fig. 2, ½w and ¹w are assigned
values from a boundary node, and jV j ´ jV1j is de� ned by the
reconstructedvelocity magnitudeat the � rst connectednode, which
is located 1n ´ 1n1. Equation (4) is then solved by a Newton–

Raphson iteration for u¤, which is assumed to apply at the boundary
nodes.

Next the computed friction velocities u¤ from three nodes mak-
ing up a boundary face (shaded surface in Fig. 2) are averaged
to establish a face-centered value, and standard face-centered � ow
boundary condition quantities are prescribed for ½w and ¹w . The
normal distance to the centroid of the boundary cell is prescribed
as 1nc D 1

4 1n1 . With 1n ´ 1nc and the face-averaged value of
u¤, Eq. (4) is solved once again by Newton–Raphson iteration for
the velocity magnitude, jV j ´ jVc j. A slip-velocity boundary con-
dition is de� ned by assigning the new jVcj to the boundary face
and multiplying it with direction cosines extracted from a standard
inviscid-type, � ow-tangency velocity vector.

A wall boundary condition for turbulent viscosity, which is re-
quired by the S–A PDE equation, is computed from a relation pre-
sented in Ref. 24,

.ºt /w D ºw·e¡· B e·uC ¡ 1 ¡ ·uC ¡ .·uC/2

2
.5/

where uC D jVc j=u¤ and º D ¹=½ are determined on the boundary
face. The .ºt /w from Eq. (5) is converted to a Qº boundary condition
compatible with the governing PDE.22

The present implementationconsidersno adjustment to adiabatic
wall density,which is important to high-speed� ows. This capability
will be added in future work.

A potentialshortcomingto the wall functionapproacharises from
the loss of capability to treat laminar regions of the boundary layer.
The present implementation assumes fully turbulent � ow and in-
troduces turbulence to the domain through a small nonzero in� ow
quantity. The standard S–A model has the property of remaining
dormant in laminar regions and can be turned on eitherby a tripping
function or through natural transition. Thus, the present wall func-
tionallowsa loss of functionalityrelative to the standardS–A model.
This shortcomingwill be addressed in future work by exploring the
concept of a switch for each wall point.

Another issuewith laminar regions arises at � ight Reynolds num-
bers, where for typical leading-edgeshapes of aircraft the thickness
of the laminar boundary layer at the leading edge is close to that of
the viscous sublayer of the turbulentboundary layers. Thus, resolv-
ing the laminar layers becomes as demanding as integrating to the
wall for a turbulent boundary layer. Thin-layer grids are currently
generated by the VGRIDns code of Ref. 9 with constant normal
point distributions across the entire con� guration. Work is under-
way to extend the VGRIDns code to generate viscous grids with
variable normal spacing.

Results
Results are presented for the � at-plate boundary-layer problem

and the ONERA M6 wing at high-Reynolds-number,transonic,sep-
arated � ow conditions.The normal gridspacingacrossthe boundary
layer is prescribed by the exponential function

1n j D 1n1[1 C a.1 C b/ j ¡ 1] j ¡ 1 .6/

such that n j D n j ¡ 1 C 1n j ¡ 1 . The parameter1n1 is the spacingof
the � rst node above the surface, and a and b are parameters that con-
trol the growth. An initial estimate of the normal point distribution,
nC, etc., is determined by experimenting with parameter variations
on an assumed 1

7 th-law velocity pro� le.

Flat-Plate Boundary Layer
The � at-plate boundary-layer solution is used to assess the ac-

curacy of the wall function in predicting � at-plate turbulent skin
friction. The computations were made on quasi-two-dimensional
unstructuredgrids for M1 D 0:5, ReL D 2 £ 106.

Grid 1 was generatedby constructinga 49 £ 12 H-topologystruc-
tured grid with a normal spacingde� ned by 1n1 D 0:001L, a D 0:3,
and b D 0:07 in Eq. (6), which yields roughly � ve nodes across the
boundarylayer at x=L D 0:5 and an approximatenC at the � rst node
of 80. The resulting upper domain boundary (k D 12) is located at
0.22L. The two-dimensional grid was stacked spanwise in 0.02L
increments to form three planes resulting in a three-dimensional
structured dual-channel grid (49 £ 3 £ 12) of H–H topology. Each
hexahedral cell was subdivided into two prismatic cells, which
were further subdivided into three tetrahedra each to form the
three-dimensionalunstructured grid with 6336 cells. The � at plate
was de� ned by a cosine clustering between the structured indices
15 · i · 49 along the k D 1 boundarywith inviscid � ow prescribed
on the k D 1 boundary ahead of the plate. Boundary conditions of
constant entropy and constant total pressure were prescribedon the
in� ow plane, whereas an extrapolationconditionwas applied to the
upper and exit domain boundaries. A constant freestream pressure
was also imposed on the exit plane.

A second grid was generated in a manner similar to the � rst to
explore the lower limits of grid coarseness on solution accuracy.
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Fig. 3 Effect of grid density on law-of-the-wall behavior for � at-plate
boundary-layer � ow, x/L = 0:5: M 1 = 0:5 and ReL = 2 £ £ 106 .

Fig. 4 Effect of grid density on skin-friction coef� cient for � at-plate
boundary-layer � ow: M 1 = 0:5 and ReL = 2 £ £ 106 .

Grid 2 was constructed from a 49 £ 6 H topology with the Eq. (6)
parameters of 1n1 D 0:001L , a D 2:0, and b D 0:07. This resulted
in a three-dimensionalchannelgrid (49 £ 3 £ 6) with 2880cells and
an upper domain boundary (k D 6) also at 0.22L .

Figure 3 shows the effect of normal grid density on the law-of-
the-wall behaviorat x=L D 0:5 and Rex D 1 £ 106 for the two grids.
The plottednodalsolutionswere reconstructedfrom the surrounding
tetrahedral cells using the weighted averaging procedure discussed
in an earlier section. Note that the � rst nodal value is matched with
the log layer at approximatelynC D 80 for both grids.Grid 1 has � ve
nodes across the boundary layer, whereas grid 2 has three nodes.

The true test of the methodology is re� ected in the skin-friction
coef� cient in Fig. 4. Grid 1 displays excellent agreement over
0:2 < x=L · 1:0 with the theoretical coef� cient for fully turbulent
� ow, C f D 0:0583.Rex /¡1=5 , which is based on the 1

7
th-power law

assumption.Grid 2 does not exhibit the same level of agreementbut
is remarkably close considering its extreme grid coarseness across
the boundary layer in Fig. 3.

Based on experience with structured-grid computations, one
would expect to need between 15 and 40 cells to adequately re-
solve turbulent boundary-layer � ow. Thus, the results of Figs. 3
and 4 require further analysis. As noted earlier, each hexahedral
cell is subdivided into two prismatic cells, which are each subdi-
vided further into three tetrahedralcells. For a cell-centeredscheme,
each tetrahedron functions as one computational cell. Thus, a cell-
averaged solution resolves the solution at three vertical positions
within each prismatic cell (for a total of six locations within the
hexahedral cell). In contrast, a cell-centeredstructured-gridcode,21

or prismatic unstructuredcode,25 would resolve the solution at only
one vertical position within their respective cell layers. Hence, in
Fig. 3, there are actually three tetrahedral centroids between each

plotted solution point (see Fig. 2) that contribute to those points
through the reconstructionprocess mentioned earlier. One can con-
clude from this discussion that it is more correct to consider the
boundary layer as being resolved by 15 cells in grid 1 and 9 cells in
grid 2 rather than by � ve and three nodes, respectively.

One � nal note. The spurious behavior in the computed skin fric-
tionpresentnear theplate leadingedge(0 · x < 0:2) in Fig. 4 may be
due to some numericalanomaliesof the weighted averagingscheme
at the stagnation point where an inviscid surface suddenly changes
to a viscous surface. The author plans to revisit this anomaly at a
later date. The principal interest for the present study is in the fully
developed turbulent � ow over the remaining region of the plate.

ONERA M6 Wing
Grid Generation

Tetrahedral viscous and inviscid grids were generated for the
ONERA M6 wing using the VGRIDns code.9 The VGRIDns code
is based on the advancing front method (AFM) for generating tri-
angular surface mesh and tetrahedral volume cells.

The distribution of surface and � eld grid points is controlled by
a structured background grid.26 This transparent grid consists of
Cartesian mesh overlayingthe entire domain on which the user pre-
scribes point and line sources to impose the desired spacing distri-
bution.Parameters are available to control cell size and the direction
and intensity of spatial variation. Cells can be stretched anisotropi-
cally in directionsof small gradients to reduce the overall grid size.
A smooth variation of spacing is achieved throughout the compu-
tational domain by solving an elliptic PDE on the Cartesian mesh.
The approach is analogous to modeling heat diffusion from discrete
heat sources in a conducting medium.

Thin-layered tetrahedra are generated in the viscous regions by
the advancing-layers method (ALM), which is based entirely on a
modi� ed AFM. The grid is marched away from the surface along
smoothed vectors with a user-prescribeddistributionfunction, e.g.,
Eq. (6). As the cell sizes increase, the Cartesian background grid
provides for a smooth transition to the remaining grid, which is
generated by the conventionalAFM.

The marching process of the ALM producesprismatic-likelayers
of grid,which are subdividedinto three tetrahedrawithineachprism,
as shown in Fig. 2. As with the � at-plate boundary-layergrids, each
prismaticbase cell is resolvedspatiallyby three computationalcells
for a tetrahedral cell-centered scheme.

Test Matrix
Several tetrahedralgrids, eight thin layered and one conventional,

were generatedfor the ONERA M6 wing (Tables 1 and 2). The spa-
tial sources for the background grid were prescribed to produce
a coarse (6483 triangles) and a � ne (8956 triangles) surface grid
distribution on the wing (Fig. 5) and remained unchanged there-
after. Anisotropic stretching of the surface grids was applied in
the spanwise direction to reduce the total number of required cells
while maintaining good chordwise resolution. A typical off-body
distributionof volumegrid for the coarsemesh is indirectlyre� ected
in Fig.6 by the centerplanegridof theWF2-6(C)con� guration.Note
the smooth transition from the layered viscous grid to the conven-
tional inviscid grid. As is evident in Fig. 6, the grid has characteris-
tics of a structured O mesh because clustering of cells in the wake
region has not been applied. Wake clustering is a topic for future
research.

Table 1 Designations for ONERA M6 viscous tetrahedral grids

Number of cells (nodes) across
boundary layer

Nominal
Initial spacing midchord ¼12 cells ¼18 cells ¼30 cells
.1n1=cROOT/ £ 104 nC (4 nodes) (6 nodes) (10 nodes)

0.6 4 —— FV-8a ——
1.350 50 —— WF1-6 ——
2.025 70 WF2-4 WF2-6(C,F) WF2-10
4.050 150 —— WF4-6 ——
6.075 220 —— WF6-6 ——

aIncludes two additional points in the inner layer.
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Table 2 Parameters and characteristics of viscous grids

Number of Number of
a b surface cells

Grid [see Eq. (6)] [see Eq. (6)] triangles Ncell

.Ncell/Viscous

.Ncell/Inviscid

Inviscid —— —— 6,483 258,768 ——
FV-8 0.5 0.07 6,483 414,038 1.60
WF1-6 0.95 0.07 6,483 356,093 1.38
WF2-4 2.2 0.00 6,483 324,356 1.25
WF2-6(C) 0.8 0.07 6,483 356,472 1.38
WF2-10 0.2 0.07 6,483 463,968 1.79
WF4-6 0.56 0.07 6,483 359,268 1.39
WF6-6 0.432 0.07 6,483 362,311 1.40
WF2-6(F) 0.8 0.07 8,956 578,556 ——

Fig. 5 Upper surface triangulation of ONERA M6 wing; left, coarse
grid, 6483 triangles on wing surface; and right, � ne grid, 8956 triangles
on wing surface.

Fig. 6 Center plane triangulation of ONERA M6 wing, coarse grid,
WF2-6(C).

Full viscous (FV) with grid-resolved sublayer and wall function
(WF)with non-grid-resolvedsublayervalues,respectively,aregiven
in Tables 1 and 2. The numerical nomenclature, e.g., 2-6, provides
a nominal indicator of the initial spacing (2) and number of nodes
across the boundary layer (6) at the 0.5 mean aerodynamic chord
for a Remac D 11:7 £ 106 .

The FV-8 grid was designedto have approximatelythe same num-
ber of nodes in the outer layer of the boundary layer as the WF2-6
grid, i.e., six nodes (18 tetrahedrallayers), plus two additionalnodes
in the sublayer, for a total of eight nodes (24 tetrahedral layers). The
nominal nC for the � rst node above the surface at a typicalmidchord
station ranged from 50 to 220 for the WF grids and had a value of
4 for the FV grid.

A conventional inviscid grid was generated from the same wing
surface grid and with the same spatial source distributions as the
viscous grids, thus, serving as a reference for measuring the ad-
ditional cell requirements for viscous grids, as shown in Table 2.
Note that the viscous grids require from 25% for the WF2-4 with
324,356 cells (57,490 nodes) to 79% for the WF2-10 with 463,968
cells (80,927 nodes) more tetrahedral cells than the standard invis-
cid unstructured grid. It is obvious from Table 2 that grid size can
become rather large if more cells are needed across the boundary
layer. This factor highlights the strong need for techniques, such as
a WF, to keep the viscous overhead down to manageable levels.

Table 3 Resource requirements for unstructured cases

Number of Cray C-90 Memory,
Grid cycles time, h Mwords

Inviscid 300 0.6 46
FV-8 900/425 5.9a 75
WF1-6 1500 5.78 64
WF2-4 900 3.05 59
WF2-6(C) 2000 7.34 64
WF2-10 2500 12.38 84
WF4-6 1500 5.75 65
WF6-6 1500 5.88 66
WF2-6(F) 2500 15.53 104

aObtained with mesh sequencing.

Fig. 7 Solution convergence history for WF2-6(C): M 1 = 0:8447, ® =
5:06 deg, and Remac = 11:7 £ £ 106 .

A structured-grid computation was repeated from Ref. 21 for
comparison with the unstructured results. The grid consisted of a
193£ 49 £ 33 C–O mesh (294,912 hexahedral cells) with a mini-
mum normal spacing over the wing of 0.000015cROOT. This spacing
matches that of the centroid of the surface tetrahedral cells in the
FV-8 grid. Reference 21 reports that this initial spacing resulted in
an average nC of 4 over the wing for M1 D 0:84, ® D 3:06 deg, and
Remac D 11:7 £ 106 .

Solution Convergence
All turbulent� owcomputationswereperformedat the � owcondi-

tionsof M1 D 0:8447,® D 5:06 deg, and Remac D 11:7 £ 106 , which
represents a high-Reynolds-number,transonic, separated � ow con-
dition. A typical solution convergence is shown in Fig. 7.

The reason for the leveling off of the residual curve at a three-
order-of-magnitudereduction is not fully understood,but it may be
due to anunsteadynatureof complex � ow separationin the wing– tip
region. Note that the lift coef� cient sets up quickly, but it is neces-
sary to run the solution longer to allow for the separated region to
evolve fully.

Resource requirements for the computations are presented in
Table 3. All of the viscous cases were run with CFL numbers start-
ing at 20 and ramping up to 150 over 20 cycles. The computations
include the cell aspect-ratio-basedvariable CFL scaling strategy of
Eq. (3) with a f1t D 6 applied. The time for the FV-8 case is based
on mesh sequencing,which will be described in a later section.Un-
resolved dif� culties were encountered while attempting to start the
FV case from freestream initial conditions.

The structured-gridcomputationwas performedwith CFL3D us-
ing a multigrid strategy. The solution was converged in 500 cycles
and required 16 Mwords and 0.66 h using the Cray C-90.

Surface Flow Characteristics
Figure 8 shows the surface � ow patterns for the FV-8 case, which

reveals a substantial shock-inducedseparationon the outboard por-
tion of the wing. These patterns were determined from the recon-
structed velocities at the � rst node above the wing surface. The
general pattern shown in Fig. 8 is also representative of that from
all of the WF-series WF solutions.

Surface Grid Sensitivity
Figure 9 shows the effect of surface grid density on the chord-

wise C p distributions at four chord stations corresponding to those
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Fig.8 Surface oil-� ow patterns for ONERA M6 wing,FV-8 grid:M 1 =
0:8447, ® = 5:06 deg, and Remac = 11:7 £ £ 106.

Fig. 9 Effect of surface grid density on Cp distributions for ONERA
M6 wing: M 1 = 0:8447, ® = 5:06 deg, and Remac = 11:7 £ £ 106 .

shown in Fig. 8 in comparisonwith the experimentaldata of Ref. 27.
The WF2-6(C) and (F) have differing surface grids (see Fig. 5) but
identical normal grid spacings across the boundary layer. Included
for reference is a structured-gridsolution obtained from the CFL3D
code.21 The sensitivity to unstructured surface grid resolution is
small at the ´ D 0:65 and 0.80 stations, where the � ow separation
is shown to be more well behaved in Fig. 8. Signi� cant differences
in shock location are observed for the WF solutions in the more
complex � ow region for ´ ¸ 0:90. The structured-gridCFL3D and
� ner unstructured-grid WF2-6(F) solutions both predict the outer
shock location ahead of the experimental result. Reference 21 also
reports additional sensitivities of the tip region � ow to the selec-
tion of turbulence model. Because signi� cant sensitivities in the
tip region � ow can arise from a variety of sources, it was decided
to use the coarser surface grid to study the incremental effects of
parametric variations in normal grid spacing to reduce the overall
computationalexpense of running a matrix of cases.

Validation of WF
Figure 10 shows a comparison of longitudinal C p distributions

for unstructuredFV and WF solutions and a reference unstructured
inviscid result. Note that the inviscid C p distributions clearly show
the strongviscouseffectspresenton this con� gurationand highlight
the necessity of modeling those effects. Only small differences are
observed between the FV near-wall modeling FV-8 and the WF
approach WF2-6(C). This result serves to increase con� dence in
the applicability of the WF to transonic, separated � ows.

Fig. 10 Effect of wall function on predicting Cp distributions for
ONERA M6 wing: M 1 = 0:8447, ® = 5:06 deg, and Remac = 11:7 £ £ 106.

Fig. 11 Effect of normal grid density on Cp distributions for ONERA
M6 wing: M 1 = 0:8447, ® = 5:06 deg, and Remac = 11:7 £ £ 106 .

Normal Grid Density
Figure 11 shows the effect of normal grid density (a horizontal

cut across Table 1) on the chordwise C p distributions at four chord
stations. The three solutions, which represent 12, 18, and 30 cells
across the boundary layer, are generally in good agreement with
each other and the experimental data.

The law-of-the-wall behavior of the boundary layer for an at-
tached � ow region of the wing (x=c D 0:5, 2y=b D 0:15) is plotted
in Fig. 12. The � xed initial spacingyieldsnC D 71 for all threecases,
whereasthere are4, 6, and10nodesacrosstheboundary-layercorre-
sponding to WF2-4, WF2-6, and WF2-10, respectively.Recall that
there are three tetrahedra between each nodal point contributing to
the reconstructionof the solution to the nodes (as shown in Fig. 2).

Effect of Initial Grid Spacing
Figure 13 shows the effect of initial grid spacing (a vertical cut

through the WF series of Table 1) on the chordwiseC p distributions
at four chord stations. Each grid is sized to have approximately six
nodes (18 tetrahedra) across the boundary layer at the midchord of
the mean aerodynamicchord.For the test � ow conditions, the initial
grid spacingsyield an nC of 48, 71, 146, and 218 for the � rst nodeof
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Fig. 12 Effect of normal grid density on law-of-the-wall behavior at
x/c = 0:5, 2y/b = 0:15 for ONERA M6 wing: M 1 = 0:8447, ® = 5:06 deg,
and Remac = 11:7 £ £ 106 .

Fig. 13 Effect of initial nodal spacing on Cp distributions for ONERA
M6 wing: M 1 = 0:8447, ® = 5:06 deg, and Remac = 11:7 £ £ 106 .

the WF1-6, WF2-6, WF4-6, and WF6-6, respectively,at x=c D 0:5,
2y=b D 0:15. The sensitivity to initial spacing is negligible for all
cases at the ´ D 0:65 and 0.80 stations and for WF1-6 and WF2-6
at ´ D 0:90 and 0.95. As might be expected, the agreement with
data deterioratesat the higher values of nC for ´ ¸ 0:90. This result
suggests that fairly large values of nC can be applied in conjunction
with a WF for more well-behaved separated � ows. However, more
restricted values should be used in regions with complex three-
dimensional separated � ow structures, such as spiral separationsor
primary saddle points, as shown in Fig. 8.

General Guidelines
The preceding results suggest that general guidelines can be es-

tablishedfor future applicationsof this unstructuredNavier–Stokes
methodology.As a rule of thumb for utilizing the WF on cases that
may exhibit � ow separation, the author recommends normal grid
distributions similar to that of the WF1-6 grid; i.e., at a representa-
tive midchord location prescribe spacings that yield approximately
six nodes (18 tetrahedra) across the boundary layer with an initial
nodal nC of 50.

Mesh Sequencing
The mesh sequencing strategy is often employed as a means of

acceleratingsolutionconvergence.This strategy involvesestablish-

Table 4 Resource requirements for mesh sequencing
from coarse grid, WF2-4

Cray C-90 h for Additional Total Cray
interpolating cycles beyond C-90 solution

Finer grid solution WF2-4 time, h Savings, %

WF2-6(F) 2.1 700 9.5 39
WF2-10 2.4 300 6.9 44
FV-8 1.1 425 5.9 ——

Fig. 14 Effect of mesh sequencing on solution convergence for
WF2-6(F) grid: ——, single-grid solution, and - - - -, mesh-sequenced
solution; M 1 = 0:8447, ® = 5:06 deg, and Remac = 11:7 £ £ 106 .

ing the primary � ow� eld relatively quickly around a con� guration
using a coarse mesh and then transferring that solution onto a � ner
mesh to complete the � nal grid-resolvedsolution.

A demonstrationof this procedureis provided for two of the more
costly WF solutions from Table 3, WF2-6(F) and WF2-10, and for
the FV case, FV-8. Figure 14 compares computer time requirements
(in Cray C-90 hours) to obtain convergence of residual error and
lift coef� cient for the WF2-6(F) mesh. The solid curve applies to
the single-grid computation, which took 15.5 h on the Cray C-90
for 2500 cycles. The dashed line denotes the application of mesh
sequencing, starting from the coarse-grid WF2-4 solution at 900
cycles (see Table 3), interpolating that solution onto the WF2-6(F)
grid, and continuing to run for another 700 cycles with CFL D 150.
The history plots in Fig. 14 do not re� ect the additional computer
time used for interpolating the solution from coarse to � ne mesh.

The full bene� t of mesh sequencing is presented in Table 4 for
the three candidate cases, including the overhead of interpolating
solutions. Note that the total savings is on the order of 40–45% for
the cases shown. (A savings is not included for the FV-8 because
of dif� culties in obtaining a single-grid solution for that case.) An
additional bene� t is derived from the lower memory usage of the
coarse-gridsolution (59 Mwords for the WF2-4), thus enablingpri-
mary � ow to be set up more quicklywhile runningin smaller queues
on heavily used computers.

Concluding Remarks
A systematic study has been initiated to assess the utilization

of the cell-centeredunstructured scheme for obtaining accurate so-
lutions to the Navier–Stokes equations on three-dimensional con-
� gurations in an ef� cient manner. Closure to the � ow equations is
providedby a one-equationS–A turbulencemodel, which is coupled
with a WF.

Excellentaccuracyin predictingthe law-of-the-wallbehaviorand
surface skin-friction coef� cient with tetrahedral cells was demon-
strated for the � at-plate boundary-layerproblem. The applicability
of the tetrahedral-based WF approach to three-dimensional, high-
Reynolds-number,transonic,separated� owwas validatedon a para-
metric set of grids for the ONERA M6 wing. The validations were
supportedby comparisonswith experimentaldata and a companion
structured-gridsolution. The parametric study revealed that reason-
able viscous solutions can be obtained with approximately25–80%
more cells, hence memory, than a standardanisotropicallystretched
inviscid grid. Guidelines are established for prescribingan ef� cient
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distribution of normal grid spacing. A 40–45% solution conver-
gence acceleration was demonstrated using a mesh sequencing
strategy.

Although the present study concludes with useful guidelines and
better understanding of the base methodology, the next step of ap-
plying this knowledge to more complex geometries is important.
Work is currently underway toward that end.
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